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Exact Energy dispersion relations for N-well 

superlattice configurations 

Richard L. Liboff 

and 

Steven R. Seidman 

Abstract 

Exact energy dispersion relations for N coupled quantum wells are obtained where N 2! 1. 
Each such relation is a composite function of transcendental forms which in turn determine 
the eigenenergies of the system. This relation is explicitly given for the cases of N = 2,3,4, 
for an even potential with arbitrary barrier and well widths. For the more standard case of 
constant barrier and well widths, a band structure emerges with the number of bound states 
in the outermost band varying from 1 toN. For arbitrary N, results reduce to that of a well 
of width a or Na in the limits of infinite and zero barrier widths, respectively, where a is 
the fundamental well width. With variation in well parameters, the number of states at a 
given value of N, varies from a total of one state, to a band structure with N states per 
band. The manner in which the ground state of the configuration varies with N is found. 
Plots of the dispersion relations for arbitrary N reveal the manner in which these curves 
merge to the single-well result with increase in barrier width. All dispersion relations are 
found to be asymptotic, in the limit of large decay wavenumber, to the same asymptotes as 
for the single finite well, independent off ,where/represents the ratio of barrier-to-well 
widths. Zeros of the dispersion relation merge to zeros of a single well of width a, for large 
f, and to a well of width Na for small f. 

PACS nos. 71.25.Cx, 73.20.Dx, 73.40.Kp 

To be published in Phys. Rev. B 
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/ , Phys, Chtm. Solids VoL 46, No. I . pp, IOJ- 105. 1?85 Pnnted on lhe U.S.A. 0022-J697t8l noo + .oo 
'0 198l Pe'l'mon Prus Lid. 

PLASMA DOMAINS IN EXTRINSIC GaAs AND InP 

RICHARD L. L!BOFF Schools of Electrical Engineering and Applied Physics, Cornell University, llhaca, NY 14853, U.S.A. 
(Received 24 February 1984; accepled 21 June 1984) 

Abstract-Various parameters ~ introduced relevant to criteria for physical domains in solid-state plasmas. Application is made to extrinsic GaAs and lnP at JOO K and varying charge-carrier concentrations. At concentrations less than -IO'l em·', chafie-carrier plasmas for both p- and n-type semiconducton. respectively, are classical and weakly coupled. At a concentration of 1016 em·• the plasmas grow degenerate. At a concentration of 10' 7 em·' both p-type materials approach a degenerate state whereas both n-type materials are weakly-coupled degenerate. 

Published in J. Phy3. Chem. Solid3 46, 103 (1985). 
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?HYSICAL R£\ lEW 8 \ •jLL ~I E .l.O, :--.1.:\fBER a 15 SEPTB!BER 1989-1 

Analytic distribution for charge carriers in a semiconductor dominated 
by equivalent intervalley scattering 

Gregory K. Sch=nter and Richard L. Libotf School of Eltctrica/ Engrneer:ng and Scnool of .~pplied Engineering and Physics, Cornell Universiry, 
!chaco. Sew York. J 485J 

(Received 19 September 1988; revmd manuscript received 10 March 1989) 
The transport of charge earners 1n silicon immersed in an electric field is studied with use of the quasiclassical Boltzmann equatton. St rain-acoustic and equivalent intervalley electron-phonon in· teractions are taken into account. A nonhnear difference-differential equation for the distribution function of charge carriers 1s obtatned. A n approximate analytic solution to this equation is con· structed, from which an expression for dnft velocity is derived. Comparison of values obtained from this expression with eJtperiment3l measurement is found to give very good agreement for elec· tric fields up to 101 V /em. 

Published in Phys. Rev. B 40, 5624 (1989). 
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PHYSICAL REVIEW B VOLL'~IE 34, :-IC~IBER 10 15 NOVE~IBER 1986 

Solution of a new nonlinear equation for the distribution of charge carriers in a semiconductor 

Richard L. Liboff and Gregory K . Schenter 
School of Electrical Engineering and School of .-{pp/ied Physics, Cornell Uniuersity, Ithaca, New York 14853-2501 

' R<!ce1ved 17 March 1986) 

The solution of a recently obtained nonlinear differential equation for the distribution funct ion of 
charge carri~rs in a semiconductor :n an electric field is derived. It is given by 
fsL(xl = [ I +B [s /( x +s l ]'e~ l- 1

• This solut ion represents the symmetric part of the total distribu· 
tion function. The nondimensional energy and applied electric field are x and vS, respectively, and 
B is a constant determined by · normalization. The· total distribution is given by the above and its 
derivative and is found to be rotationally symmetric about the electric field. This distribution 
reduces to the shifted Fermi-Dirac distribu(lon for small s and to the Druyvesteyn distribution in 
the classical limit. An analytic expression for electrical conductivity is derived together with an ap· 
proximate expression for the chemical potential in the small-electric-field limit. A generalized cn· 
terion for the classical versus quantum domains is discussed relevant to the present study. It is 
found that otherwise quantum domains become classical for sufficiently large applied electric fields. 

Published in Phys. Rev. B 34, 7063 (1986). 
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QUASICLASSICAL MOBILITY FOR EXTRINSIC 
SEMICONDUCTORS 

RICHARD L. LIBOFF Schools of Elect neal Engmeenng and Applted Physics. Cornell University. Ithaca. NY 148 S 3. U.S.A. 
(Recerved 17 September 1984; accepud in ri!Vised form 2S April 1985) 

Abstnact-A quasicla.s.sical formulation for mobility in e~trinsic semiconducton is presented based on scattenng from ionized 1mpunty atoms. Quantum theory.entcn the otherwise classical Chapman-Enskos e~pansion of the Boltzmann equauon through rncorporation of the Thomas-Fermi interaction potential together with the Born apprO~Imauon fo r evaluatiOn of scattering inteifals. The following e~pression resulu for mobility II• (cgs): 

3 ,: (k'T) 1
'
1 

I 
"'' ~ ~ n~m•"1 h Jhl' 

where n, is impurity concentration. m• is effective mass. £,("() is the exponential integral. 1 is dielectric constant and y is dimensionless Thomas- Fermi enei'JY. The structure of the dimensional factor in the precedina e~prt$.Sion for 11, aarees with previous expressions for this parameter. 
Kf,l">~·urds: mobility, quasi<lassical. impurity atoms. extrinsic semiconductor. Chapman-Enskoa e~pansion, Thomas-Fermi interaction. Born approllimation. 

Published in J. Phys. Chem. Solids J, 6, 1327 (1985). 
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Fluctuations and quantum domains In solid-state mlcrodevlces 
Richard L. Libotf 
Schools~ , £/ectrical Engineenng and Appiied Physics. Cornell Uniuenity, Ithaca. New York J 48JJ 

(Received 17 June !985; accepted for publication 20 August 1985) 

The validity of employing classical macroscopic equations of motion to describe degenerate 
plasma domains is examined. It is argued that such analyses are inconsistent when fluctuations in 
charge-carrier number grows comparable to mean values. The following expression for relative 
mean-square ftuctuuon of charge-carrier number away from the mean was applied to micro-solid· 
state samples. oN= (K,In5l6)(m•T / 300 V) 11 2

. In this expression n is number density of charge 
carriers, m• is effective mass divided by electron mass, Vis volume, and K, is a constant. 
Employing this fonnula it was concluded that for n-type GaAs and InP at charge-carrier 
den.sity = 1017 cm3 and temperature 300 K, classical equations fail at dimensions less than ::::::0.1 S 
}Sm; For p-type GaAs and lnP, under the same conditions, the critical length is ::::::0.29 Jlm. 

Published in J. Appl. Phy3. 58, 4438 ( 1985). 
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Distribution functions and fluid variables in a semiconductor 
Richard L. Liboff and Gregory K. Schenter 
Schools of Electrical Engineering and Applied Physics, Cornell University, Ithaca. New York 14853 

(Received 24 July 1987; accepted for publication 4 February 1988) 

Fluid dynamic variables for charge-carrier transport in a semiconductor in the presence of an 
electric field are constructed from a recently derived distribution. This distribution is relevant 
to processes in a semiconductor where the deformation-potential interaction dominates. Fluid 
variables thus found are compared to those obtained from a shifted Fermi-Dirac distribution. 
In the limit of zero electric field both distributions give identical results. Analytic corrections 
to Fermi-Dirac variables are obtained by expanding the new variables about small electric 
field. Corrections at higher electric field are found numerically. Among other results it is found 
that at sufficiently high electric field, drift velocity grows insensitive to charge-carrier 
concentration. A discussion is included of the appropriate expression for electron temperature 
in a semiconductor. 

Published in J. Appl. Phy:L 63, 5363 ( 1988). 
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Criteria for physical domains in labora~ory and solid-state plasmas 
Richard L. Liboff 
Schocls of Electn'cal Engineering and Applied Physics, Cornell University, Ithaca, New York U85J 
(Received 30 January 1984; accepted for publication 10 Apri11984) 

Physical domains relevant to laboratory and solid-state plasmas are desc.ribed in terms of relevant 
characteristic parameters. Strongly- and weakly-coupled classical plasmas are divided according 
to the plasma parameter r. whereas quantum and classical domains are separated according to 
the thermal DeBroglie wavelength A. nondimensionalized through mean interparticle spacing. 
These parameters are found to obey the relation A 2 = (1r/l6) 111(k 9 T /R •}Fm, where Tis 
temperature and the Rydberg constant R • includes the dielectric constant of the medium and 
elfcctive mass of charge carriers. The weakly-coupled degenerate plasma is described in temis of 
the quantum compression parameter r,, which represents interparticle spacing measured in Bohr 
radii. An ~Jternative description of this domain is given in terms of a new quantum parameter 
(labeled r Q) whose definition includes the Thomas-Fermi screening· length in place of the De bye 
length in the classical plasma parameter. A graphical display in terms of appropriately 
nondimensionalized particle number density and temperature, respectively, reveals that aU 
nonrelativistic, nonmagnetic plasma domains are included over the unit area of this graph. 
Applicationofth~ findings is made to GaAs and InP at 300 and 1000 "Kin the intrinsic domain. 
Incorporating recent empirical expressions for elfective mass, energy gap, and Fermi energy, it is 
found that at the lower temperature, the conducting solid-state plasmas of these semiconductors 
are weakly coupled and classical. At the higher temperature, due primarily to increased carrier 
CC' 'lcentratic:>n, the plasmas grow degenerate. 

Published in J. Appl. Phys. 56, 2530 ( 1984). 
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Nonlinear electrical conductivity for a strongly coupled plasma 
Gregory K. Schenter and Richard L. Libotf 
Schools of Electrical Engrneenng and Applied Physics, Cornell Uniuersiry. Ithaca, New York 14851 

(Received 31 July 1986; accepted 19 February 1987 ) 

A nonlinear analysis of electrical conductivity in a plasma is given, stemming from the 
Uehling-Uhlenbeck equation. Anisotropy due to an applied electric field is incorporated 
through a Legendre polynomial expansion of the distribution function. The plasma is 
comprised of ions, electrons, and a neutral component. The electron-ion interaction is 
described by a shielded Debye potential at high energy and a cutoff Coulomb potential at low 
energy. A nonlinear equation for the distribution function is solved and yieldsfsL (x) 
= 1/( 1 + BeA<:r>) for the symmetric part of the solution. The nondimensional energy is x, B is 

a normalization constant, and A (x) is an explicit integral dependent on the electric field and 
specifics of the interaction. The resulting nondimensional conductivity a is given by a 
= ~(2/1r) 312 [ a< (Z + 1) 112

/ AQr 0 ]SO' lsdx)(d ! dx)(x/Q )dx, where Z is the effective 
ionization, ac is the ratio of charge to total heavy-particle density, Q is the dimensionless, 
weighted cross section, and AQ and r 0 are quantum and plasma parameters, respectively. 
Application is made to an aluminum plasma and plots of conductivity versus electric field are 
obtained. These plots exhibit three distinct regions; with an increase in field strength these are 
the Ohmic, Coulomb-dominated, and neutral-dominated regions. 

Published in Phy8. Fluid.'J JO, 1787 (1987) . 
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